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We apply the Hartle formalism to study equilibrium configurations in the framework of Newto-
nian gravity. This approach allows one to study in a simple manner the properties of the interior
gravitational field in the case of static as well as stationary rotating stars in hydrostatic equilibrium.
It is shown that the gravitational equilibrium conditions reduce to a system of ordinary differential
equations which can be integrated numerically. We derive all the relevant equations up to the second
order in the angular velocity. Moreover, we find explicitly the total mass, the moment of inertia,
the quadrupole moment, the polar and equatorial radii, and the eccentricity of the rotating body.
We also present the procedure to calculate the gravitational Love number. We test the formalism
in the case of white dwarfs and show its compatibility with the known results in the literature.
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I. INTRODUCTION
In physics, rotation may introduce many changes in the structure of any system. In the case of celestial objects such
as stars and planets, rotation plays a crucial role. Rotation does not only change the shape of the celestial objects
but also influences the processes occurring inside stars, i.e., it may accelerate or decelerate thermonuclear reactions
under certain conditions, it changes the gravitational field outside the objects and it is one of the main factors that
determines the lifespan of all stars (giant stars, main sequence, white dwarfs, neutron stars, etc.) [1–7].
For instance, let us consider a white dwarf. A non-rotating white dwarf has a limiting mass of 1.44M⊙ which
is well-known as the Chandrasekhar limit [8]. The central density and pressure corresponding to this limit define
the evolution of white dwarfs. If the white dwarf rotates, then due to the centrifugal forces the central density and
pressure decrease [9, 10]. In order to recover the initial values of the central density and pressure of a rotating star
one needs to add extra mass. Here we see that a rotating star with the same values for central density and pressure,
as those of a non-rotating star, possesses a larger mass [11].
In this work, we derive the equations describing the equilibrium configurations of slowly rotating stars within
Hartle’s formalism [12]. The advantage of this approach is that it allows us to consider in a simple way the influence
of the rotation on the internal properties of the gravitational source. In fact, we will see that the complexity of
the differential equations, which govern the dynamical properties of equilibrium configurations, is reduced to a high
degree. When solving this kind of problems in celestial mechanics, astronomy and astrophysics, it is convenient to
consider the internal structure of stars and planets as being described by a fluid. In the case of slow rotation, we
derive equations that are valid for any fluid up to the second order in the angular velocity.
As a result we obtain the equations defining the main parameters of the rotating equilibrium configuration such as
the mass, radius, moment of inertia, gravitational potential, angular momentum and quadrupole moment as functions
of the central density and angular velocity (rotation period). Furthermore, we show how to calculate the ellipticity
and by means of it the gravitational Love number [13]. In turn, these parameters are of great importance in defining
the evolution of a star.
In order to pursue all these issues in detail we revisit the Hartle formalism in classical physics for a slowly rotating
configuration as the calculation of its equilibrium properties is much more simpler, because then the rotation can be
considered as a small perturbation of an already-known non-rotating configuration. We therefore will consider in this
paper a rotating configuration under the following conditions [12]:
• A one-parameter equation of state is specified, p = p(ρ), where p is the pressure and ρ is the density of matter
[15].
• A static equilibrium configuration is calculated using this equation of state and the classical equation of hydro-
static equilibrium for spherical symmetry.
• Axial and reflection symmetry. The configuration is symmetric about a plane perpendicular to the axis of
rotation.
∗Electronic address: kuantay@mail.ru,quevedo@nucleares.unam.mx
2• A uniform angular velocity sufficiently slow so that the changes in pressure, energy density, and gravitational
field are small.
• Slow rotation. This requirement implies that the angular velocity Ω of the star
Ω2 ≪
GM
a3
, (1)
where M is the mass of the unperturbed configuration, a is its radius, G is the gravitational constant. Conse-
quently, the condition in Eq. (1) also implies
Ω≪
c
a
, (2)
where c is the speed of light.
• The Newtonian field equations are expanded in powers of the angular velocity and the perturbations are calcu-
lated by retaining only the first- and second-order terms.
In the present work, the equations necessary to investigate this issue are obtained explicitly. The problem of describing
rotating configurations in Newtonian gravity has been investigated in many articles and textbooks [15–22]. In this
paper, we present in a pedagogical way a different approach. Indeed, we will use the Hartle formalism, which was
originally proposed in general relativity, to consider a non-relativistic Newtonian configuration. The advantage of this
method is that it can easily be included in an undergraduate course on astrophysics. No knowledge of relativistic
physics is necessary, because only the very intuitive coordinate approach of Hartle’s formalism is utilized in order to
handle the Newtonian gravity equation and the corresponding equilibrium condition. It is worth mentioning that the
Hartle formalism has been recently extended for relativistic configurations up to the fourth order terms in angular
velocity [23].
This paper is organized as follows. In Sec. II, we present the conditions under which the rotating compact object
becomes a configuration in hydrostatic equilibrium. Moreover, we show that the use of a particular coordinate, which is
especially adapted to describing the deformation due to the rotation, together with an expansion in spherical harmonics
reduces substantially the system of differential equations up to the level that they can be integrated by quadratures.
In Sec. III, we derive expressions for the main physical quantities of the rotating object. A summary of the method
to be used to find explicit numerical solutions by using our formalism is presented in Sec. IV. In Sec. V we apply the
formalism to rotating white dwarfs in Newtonian physics and in Sec. VI we show the procedure of calculating the
Keplerian angular velocity and the scaling law for the physical quantities describing rotating configurations. Finally,
Sec. VII is devoted to the conclusions and perspectives of our work.
II. SLOWLY ROTATING STARS IN NEWTONIAN GRAVITY
In Newtonian gravitational theory the equilibrium configuration of uniformly rotating stars are determined by the
solution of the three equations of Newtonian hydrostatic equilibrium [9, 10, 12]. These are (1) the Newtonian field
equation:
∇2Φ(r, θ) = 4πGρ(r, θ); (3)
where Φ is gravitational potential and ρ is the density of a fluid mass rotating with a uniform angular velocity Ω;
(2) the equation of state that shows the relationship between pressure p and density ρ is assumed to have a
one-parameter form
p = p(ρ); (4)
(3) the equation of hydrostatic equilibrium for uniformly rotating configurations which can be written as
d~v
dt
= −
1
ρ
~∇p− ~∇Φ , (5)
with
~v =
d~r
dt
= ~Ω× ~r . (6)
For uniform rotation (Ω = const) we have that
d~v
dt
= ~Ω× ~v = ~Ω× (~Ω× ~r) = −
1
2
~∇(~Ω× ~r)2 . (7)
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FIG. 1: Definition of the coordinates R, Θ, and the displacement ξ(R,Θ). The surface (a) is the surface of constant density ρ(R) in the
non-rotating configuration. The surface (b) is the surface of constant density ρ(R) in the rotating configuration (reproduced from [12]).
Therefore, substituting this expression in (5), we obtain
−
1
2
~∇(~Ω× ~r)2 = −
1
ρ
~∇p− ~∇Φ (8)
or
dp
ρ
−
1
2
d(~Ω× ~r)2 + dΦ = 0 , (9)
which can be reexpressed in terms of its first integral∫ p
0
dp(r, θ)
ρ(r, θ)
−
1
2
Ω2r2 sin2 θ +Φ(r, θ) = const, (10)
where r is the radial coordinate and θ is the polar coordinate of the rotating configuration.
The main task now is to expand the equations of Newtonian hydrostatics in powers of Ω2. The solution to the
first term of the expansion is given by Φ(0), p(0), and ρ(0) in the absence of rotation. Then, it is necessary to find
the equations which govern the second-order terms. It is expected that the resulting differential equations can be
integrated in terms of the known non-rotating solution.
A. Coordinates
An important point to be considered is the choice of the coordinate system in which the expansions in powers of Ω
are carried out. As pointed out by Hartle in 1967 [12], one should be very careful when considering perturbation near
the surface of the star. Therefore, we select a coordinate transformation such that the density of the star in terms of
the new radial coordinate is the same as in the static configuration:
ρ[r(R,Θ),Θ] = ρ(R) = ρ(0)(R). (11)
Thus, the relationships between the old coordinates (r, θ) and the new coordinates (R,Θ) are given by
θ = Θ, r = R + ξ(R,Θ) +O(Ω4) . (12)
The function r(R,Θ) then replaces the density as a function to be calculated in the rotating configuration. These
definitions are given pictorially in Fig. 1.
Following Hartle’s formalism, we are always free to consider the rotating configuration as a perturbation of a non-
rotating configuration with the same central density. Consequently, in the R,Θ coordinate system, the density (11)
and pressure are known functions of R
p[r(R,Θ),Θ] = p(R) = p(0)(R) (13)
related by the one-parametric equation of state.
4B. Spherical harmonics
The expansion of r in terms of Ω2 is given by equation (12) and the expansion of the gravitational potential Φ can
be represented as
Φ(R,Θ) ≈ Φ(0)(R) + Φ(2)(R,Θ) +O(Ω4) (14)
where Φ(0)(R) is the spherical part of the potential and Φ(2)(R,Θ) is the perturbed part. Calculating the Taylor
expansion in terms of the new the coordinates, we obtain
Φ(r, θ) = Φ(R+ ξ,Θ) ≈ Φ(R,Θ) + ξ
dΦ(R,Θ)
dR
+O(Ω4) (15)
≈ Φ(0)(R) + ξ
dΦ(0)(R)
dR
+ Φ(2)(R,Θ) +O(Ω4).
In order to simplify the equations we expand the functions ξ and Φ(2) in spherical harmonics
ξ(R,Θ) =
∞∑
l=0
ξl(R)Pl(cosΘ), Φ
(2)(R,Θ) =
∞∑
l=0
Φ
(2)
l (R)Pl(cosΘ), Φ
(2)(R,Θ) ∼ Ω2, (16)
where Pl(cosΘ) are the Legendre polynomials.
Now let us perform the computations in detail taking the polar axis to be the axis of rotation. Using the expressions
for the Legendre polynomials P0(cosΘ) = 1 and P2(cosΘ) =
1
2 (3 cos
2Θ− 1), it is easy to show that
sin2Θ =
2
3
[P0(cosΘ)− P2(cosΘ)], (17)
From here we see that l accepts only two values, namely, 0 and 2. The equations for ξl(R), Φ
(2)
l (R), with l ≥ 4 are
thus independent of Ω and their solution is
ξl = 0, Φ
(2)
l = 0, l ≥ 4. (18)
Rewriting the condition of hydrostatic equilibrium (10) in coordinates (R,Θ) and expanding it in spherical harmonics
by using Eqs. (11), (14), and (16), we get∫ p
0
dp(0)(R)
ρ(R)
−
1
3
Ω2R2[P0(cosΘ)− P2(cosΘ)] + Φ
(0)(R) (19)
+
n∑
l=0
Φ
(2)
l (R)Pl(cosΘ) +
n∑
l=0
ξl(R)Pl(cosΘ)
dΦ(0)(R)
dR
= const .
We now collect the terms proportional to ∼ Ω0 and Ω2 with l = 0, 2 and obtain:∫ p
0
dp(0)(R)
ρ(R)
+ Φ(0)(R) = const, (20)
−
1
3
Ω2R2 +Φ
(2)
0 (R) + ξ0(R)
dΦ(0)(R)
dR
= 0, (21)
1
3
Ω2R2 +Φ
(2)
2 (R) + ξ2(R)
dΦ(0)(R)
dR
= 0. (22)
The first of the above equations corresponds to the Newtonian hydrostatic equation for a static configuration.
Using the same procedure, the Newtonian field equation becomes
∇2Φ(r, θ) =
1
r2
∂
∂r
(
r2
∂Φ(r, θ)
∂r
)
+
1
r2 sin θ
∂
∂θ
(
sin θ
∂Φ(r, θ)
∂θ
)
(23)
= ∇2rΦ(r, θ) +
1
r2
∇2θΦ(r, θ) ≈ ∇
2
rΦ
(0)(r) +∇2rΦ
(2)
0 (r)
+∇2rΦ
(2)
2 (r)P2(cos θ) +
1
r2
∇2θΦ
(2)
2 (r)P2(cos θ) = 4πGρ(r, θ).
Since the functions Φ
(2)
0 and Φ
(2)
2 are already proportional to Ω
2, we can directly write them in (R,Θ) coordinates.
However ∇2rΦ
(0)(r) ≈ ∇2RΦ
(0)(R) + ξ(R,Θ) d
dR
∇2RΦ
(0)(R) (see the Appendix for more details). Thus
∇2Φ(r, θ) = ∇2RΦ
(0)(R) + ξ(R,Θ)
d
dR
∇2RΦ
(0)(R) (24)
+∇2RΦ
(2)
0 (R) +∇
2
RΦ
(2)
2 (R)P2(cosΘ) +
1
R2
∇2ΘΦ
(2)
2 (R)P2(cosΘ) = 4πGρ(R).
5Taking into account that ξ(R,Θ) = ξ0(R) + ξ2(R)P2(cosΘ) and collecting the corresponding terms, we obtain the
Newtonian field equations of both static and rotating configurations:
∇2RΦ
(0)(R) = 4πGρ(R), (25)
ξ0(R)
d
dR
∇2RΦ
(0)(R) +∇2RΦ
(2)
0 (R) = 0, (26)
ξ2(R)
d
dR
∇2RΦ
(0)(R) +∇2RΦ
(2)
2 (R)−
6
R2
Φ
(2)
2 (R) = 0. (27)
The differential equations for Φ
(2)
0 (R), Φ
(2)
2 (R), ξ0(R), and ξ2(R), which establish the relation between mass and
central density for rotating star and determine the shape of the star, will now be given in forms suitable for solving
these problems.
III. PHYSICAL PROPERTIES OF THE MODEL
The above description of the rotating equilibrium configuration allows us to derive all the main quantities that
are necessary for establishing the physical significance and determining the physical properties of the rotating source.
In this section, we will derive all the equations that must be solved in order to find the values of all the relevant
quantities.
A. Mass and Central Density
The total mass of the rotating configuration is given by the integral of the density over the volume,
Mtot =
∫
V
ρ(r, θ)dV =
∫
V
ρ(r, θ)r2dr sin θdθdφ .
To proceed with the computation of the integral, we use formula (12) and obtain the relationship
r2dr = (R + ξ)2(dR + dξ) ≈ R2
(
1 +
2ξ
R
)(
1 +
dξ
dR
)
dR =
(
1 +
2ξ
R
+
dξ
dR
)
R2dR , (28)
which implies that
Mtot =
∫
V
ρ(R)R2dR sinΘdΘdφ (29)
+
∫
V
ρ(R)R2
(
2ξ(R,Θ)
R
+
dξ(R,Θ)
dR
)
dR sinΘdΘdφ .
Performing the integration within the range of angles 0 < Θ < π and 0 < φ < 2π and using the identities∫ pi
0
sinΘdΘ = 2, (30)∫ pi
0
P2(cosΘ) sinΘdΘ = 0 , (31)
one finds that the change in mass M (2) of the rotating configuration from the non-rotating one can be written as
Mtot(R) = M
(0)(R) +M (2)(R), (32)
M (0)(R) = 4π
∫ R
0
ρ(R)R2dR, (33)
M (2)(R) = 4π
∫ R
0
ρ(R)R2
(
2ξ0(R)
R
+
dξ0(R)
dR
)
dR = 4π
∫ R
0
(
−ξ0(R)
dρ(R)
dR
)
R2dR . (34)
Here we have used the following expressions that follow from the field equations and definitions of the masses
∇2Φ(0)(R) = 4πGρ(R), (35)
d
dR
∇2Φ(0)(R) = 4πG
dρ(R)
dR
, (36)
dM (0)(R)
dR
= 4πR2ρ(R), (37)
dM (2)(R)
dR
= 4π
(
−ξ0(R)
dρ(R)
dR
)
R2 . (38)
6Using the condition that Φ(0)(R),Φ
(2)
0 (R) → const, as R → 0, and taking into account (26) the masses of both
configurations can be expressed as
GM (0)(R)
R2
=
dΦ(0)(R)
dR
, (39)
GM (2)(R)
R2
=
dΦ
(2)
0 (R)
dR
. (40)
It is convenient to display the l = 0 equation in a form in which it resembles the equation of hydrostatic equilibrium.
To do this, we define
p∗0(R) = ξ0(R)
dΦ(0)(R)
dR
. (41)
Moreover, taking derivative of (21) and taking into account (40), we obtain
−
dp∗0(R)
dR
+
2
3
Ω2R =
GM (2)(R)
R2
. (42)
The above equation along with
dM (2)(R)
dR
= 4πR2ρ(R)
dρ(R)
dp(R)
p∗0(R), (43)
show the balance between the pressure, centrifugal, and gravitational forces per unit mass in the rotating star. The
latter expression was obtained by using (20).
B. The Shape of the Star and Numerical Integration
If the surface of the non-rotating star has radius a, then equations (11) and (16) show that the equation for the
surface of the rotating star has the form
r(a,Θ) = a+ ξ0(a) + ξ2(a)P2(cosΘ). (44)
The value of ξ0(a) is already determined in the l = 0 calculation
ξ0(a) =
a2
GM
p∗0(a), (45)
where M = M (0)(a) is the mass of the non-rotating configuration. However, the determination of ξ2(R) from l = 2
equations is not straightforward. So far, we have the l = 2 equations (22) and (27) representing the hydrostatic
equilibrium and the field equation, respectively. From (22) we obtain the expression
ξ2(R) = −
R2
GM(R)
{
1
3
Ω2R2 +Φ
(2)
2 (R)
}
, (46)
which we insert into (27) and get
∇2RΦ
(2)
2 (R)−
6
R2
Φ
(2)
2 (R) =
4πR2
M(R)
{
1
3
Ω2R2 +Φ
(2)
2 (R)
}
dρ(R)
dR
, (47)
where M(R) = M (0)(R) denotes the non-rotating mass. In order to solve the latter equation numerically, one needs
to rewrite it as first-order linear differential equations. To this end, we introduce new functions ϕ = Φ
(2)
2 and χ so
that Eq. (47) generates the system
dχ(R)
dR
= −
2GM(R)
R2
ϕ(R) +
8π
3
Ω2R3Gρ(R), (48)
dϕ(R)
dR
=
(
4πR2ρ(R)
M(R)
−
2
R
)
ϕ(R)−
2χ(R)
GM(R)
+
4π
3M(R)
ρ(R)Ω2R4. (49)
The above equations can be solved by quadratures. The computation of the solution can be performed numerically
by integrating outward from the origin. At the origin the solution must be regular. An examination of the equations
shows that, as R→ 0,
ϕ(R) → AR2, χ(R)→ BR4, (50)
7where A and B are any constants related by
B +
2π
3
GρcA =
2π
3
GρcΩ
2 (51)
and ρc is the value of the density in the center of the star. The remaining constant in the solution is determined by
the boundary condition that ϕ(R)→ 0 at large values of R. The constant is thus determined by matching the interior
solution with the exterior solution which satisfies this boundary condition.
In the exterior region, the solutions of the equations (48) and (49) are
ϕex(R) =
K1
R3
, χex(R) =
K1GM
(0)
2R4
. (52)
The interior solution to the equations (48) and (49) may be written as the sum of a particular solution and a
homogeneous solution. The particular solution may be obtained by integrating the equations outward from the center
with any values of A and B which satisfy (51). The homogeneous solution is then obtained by integrating the equations
dχh(R)
dR
= −
2GM(R)
R2
ϕh(R), (53)
dϕh(R)
dR
=
(
4πR2ρ(R)
M(R)
−
2
R
)
ϕh(R)−
2χh(R)
GM(R)
, (54)
with A and B related now by
B +
2π
3
GρcA = 0 (55)
The general solution may then be written as
ϕin(R) = ϕp(R) +K2ϕh(R), χin(R) = χp(R) +K2χh(R). (56)
By matching (52) and (56) at R = a, the constants K1 and K2 can be determined. Thus, ϕin(R) is determined and
ξ2(R) can be easily calculated from
ξ2(R) = −
R2
GM(R)
{
1
3
Ω2R2 + ϕin(R)
}
. (57)
C. Moment of Inertia
Similarly to the total mass of the star, the total moment of inertia can be calculated as
Itot =
∫
V
ρ(r, θ)(r sin θ)2dV =
∫
V
ρ(r, θ)r4dr sin3 θdθdφ . (58)
Using the definition of the radial coordinate r, we find the expression
r4dr = (R + ξ)4(dR + dξ) ≈ R4
(
1 +
4ξ
R
)(
1 +
dξ
dR
)
dR =
(
1 +
4ξ
R
+
dξ
dR
)
R4dR , (59)
which allows us to rewrite the moment of inertia as
Itot =
∫
V
ρ(R)R4dR sin3ΘdΘdφ (60)
+
∫
V
ρ(R)R4
(
4ξ(R,Θ)
R
+
dξ(R,Θ)
dR
)
dR sin3ΘdΘdφ .
Performing the integration within the range 0 < Θ < π and 0 < φ < 2π, we obtain
Itot(R) = I
(0)(R) + I(2)(R), (61)
I(0)(R) =
8π
3
∫ R
0
ρ(R)R4dR,
I(2)(R) =
8π
3
∫ R
0
ρ(R)R4
(
dξ0(R)
dR
−
1
5
dξ2(R)
dR
+
4
R
[
ξ0(R)−
1
5
ξ2(R)
])
dR
=
8π
3
∫ R
0
([
1
5
ξ2(R)− ξ0(R)
]
dρ(R)
dR
)
R4dR,
8where we have used the integrals ∫ pi
0
sin3ΘdΘ =
4
3
, (62)∫ pi
0
P2(cosΘ) sin
3ΘdΘ = −
4
15
. (63)
In the corresponding limit, our results coincide with the definition of the moment of inertia for slowly rotating
relativistic stars as given in [24]. Notice that, knowing the value of the moment of inertia, one can easily calculate
the total angular momentum of the rotating stars
Jtot = J
(0) + J (2), (64)
where J (0) = I(0)Ω is the angular momentum of the spherical configuration and J (2) = I(2)Ω is the change of the
angular momentum due to rotation and deformation.
D. Quadrupole Moment
The Newtonian potential Φ(R,Θ) outside the star will be written as before as (see Eq.(14))
Φ(R,Θ) = Φ(0)(R) + Φ
(2)
0 (R) + Φ
(2)
2 (R)P2(cosΘ), (65)
where
Φ(0)(R) = −
GM (0)
R
, (66)
Φ
(2)
0 (R) = −
GM (2)
R
, (67)
Φ
(2)
2 (R) =
K1
R3
. (68)
In view of (32), equation (65) can be written as follows
Φ(R,Θ) = −
GMtot
R
+
K1
R3
P2(cosΘ), (69)
It follows that the constant K1 determines the mass quadrupole moment Q of the star as K1 = GQ. For a vanishing
K1 we recover the non-rotating configuration. Moreover, according to Hartle’s definition Q > 0 represents an oblate
object and Q < 0 corresponds to a prolate object.
E. Ellipticity and Gravitational Love Number
The quantity defined by
ǫ(R) = −
3
2R
ξ2(R), (70)
is the ellipticity of the surface of constant density labeled by R. We use this expression and (46), and eliminate Φ
(2)
2
from (47), to obtain the following equation for ǫ(R):
M(R)
R
d2ǫ(R)
dR2
+
2
R
dM(R)
dR
dǫ(R)
dR
+
2dM(R)
dR
ǫ(R)
R2
−
6M(R)ǫ(R)
R3
= 0, (71)
or equivalently in a compact form
d
dR
1
R4
d
dR
[
ǫ(R)M(R)R2
]
= 4πǫ(R)
dρ(R)
dR
. (72)
This equation is equivalent to Clairaut’s equation. Here bothM(R) and ρ(R) are known functions of R. The ellipticity
must be regular at small values of R, and equation (72) shows that it approaches a constant at R = 0. With this
boundary condition, equation (72) may be integrated to find the shape of ǫ(R). To find the magnitude of ǫ(R) one
needs to use (57). The procedure for considering the boundary condition at the surface given in the previous section,
together with the condition of regularity at the origin and the differential equation (72), uniquely determine the
ellipticity of the surfaces of constant density as a function of the coordinate R.
9It is easy to show that equation (71) can be written in the form given in Ref. [17]
R2
d2ǫ(R)
dR2
+ 6
ρ(R)
ρm(R)
[
R
dǫ(R)
dR
+ ǫ(R)
]
= 6ǫ(R), (73)
where
ρm(R) =
4πR3
3M(R)
(74)
is the average mass density. By introducing a new function as
η2(R) =
R
ǫ(R)
dǫ(R)
dR
, (75)
Eq.(73) reduces to the well known Clairaut-Radau equation [13]
R
dη2(R)
dR
+ 6D(R)[η2(R) + 1] + η2(R)[η2(R)− 1] = 6, (76)
where
D(R) =
ρ(R)
ρm(R)
(77)
encodes the relevant information about the structure of the body. The differential equation is integrated outward
from R = 0, with the boundary conditions D(0) = 1 and η(R = 0) = 0, up to R = a, obtaining the value η2(R = a).
The Love number is then given by
k2 =
3− η2(a)
2[2 + η2(a)]
(78)
Note, once ξ2(R) is known then ǫ(R) is also known from Eq. (70) and we have
η2(a) =
a
ǫ(a)
dǫ(R)
dR
|R=a =
a
ξ2(a)
dξ2(R)
dR
|R=a − 1 (79)
One can see from here that η2(a) does not depend on the angular velocity of the star, neither does the Love number.
IV. SUMMARY
Our results show that it is possible to write explicitly all the differential equations that determine the behavior of a
slowly rotating compact object. For a better presentation of the results obtained in preceding sections, we summarize
the steps that must be followed to integrate the resulting equations.
A. The static case
To determine the relation between mass and central density, one must proceed as follows. (1) Specify the equation
of state p = p(ρ) (polytrope, tabulated, etc.). (2) Choose the value of the central density ρ(R = 0) = ρc. Calculate the
mass and pressure from the Newtonian field equation and the equation of hydrostatic equilibrium with the regularity
condition at the center M (0)(R = 0) = 0 {
dM(0)(R)
dR
= 4πR2ρ(R),
dp(0)(R)
dR
= −ρ(R)GM
(0)(R)
R2
.
(80)
The gravitational potential of the non-rotating star is obtained as
dΦ(0)(R)
dR
=
GM (0)(R)
R2
= −
1
ρ(R)
dp(0)(R)
dR
. (81)
On the surface, the pressure must vanish p(0)(R = a) = 0.
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B. The rotating case: l = 0 Equations
Select the value of the angular velocity of the star. For instance, take as a test value the Keplerian orbit with
Ωtest = Ω =
√
GM (0)(a)
a3
(82)
Integrate the coupled equations {
dp∗0(R)
dR
= 23Ω
2R− GM
(2)(R)
R2
,
dM(2)(R)
dR
= 4πR2ρ(R)dρ(R)
dR
p∗0(R),
(83)
out from the origin with boundary conditions
p∗0(R)→
1
3
Ω2R2, M (2)(R)→ 0. (84)
These boundary conditions guarantee that the central density of the rotating and non-rotating configurations are the
same.
C. The rotating case: l = 2 Equations
1. Particular Solution
Integrate the equations {
dχ(R)
dR
= − 2GM(R)
R2
ϕ(R) + 8pi3 Ω
2R3Gρ(R)
dϕ(R)
dR
=
(
4piR2ρ(R)
M(R) −
2
R
)
ϕ(R)− 2χ(R)
GM(R) +
4pi
3M(R)ρΩ
2R4
outward from the center with arbitrary initial conditions satisfying the equations, as R→ 0
ϕ(R)→ AR2, χ(R)→ BR4, B +
2π
3
GρcA =
2π
3
GρcΩ
2, (85)
where A and B are arbitrary constants. Set, for instance, A = 1 and define B from the above algebraic equation.
This determines a particular solution ϕp(R) and χp(R).
2. Homogeneous Solution
Integrate the homogeneous equations{
dχh(R)
dR
= − 2GM(R)
R2
ϕh(R)
dϕh(R)
dR
=
(
4piR2ρ(R)
M(R) −
2
R
)
ϕh(R)−
2χh(R)
GM(R)
outward from the center with arbitrary initial conditions satisfying the equations, as R→ 0
ϕh(R)→ AR
2, χh(R)→ BR
4, B +
2π
3
GρcA = 0 (86)
This determines a particular solution ϕh(R) and χh(R). Thus, the interior solution is
ϕin(R) = ϕp(R) +K2ϕh(R), χin(R) = χp(R) +K2χh(R) (87)
3. Matching with an Exterior Solution
The exterior solution is given as
ϕex(R) =
K1
R3
, χex(R) =
K1GM
(0)
2R4
. (88)
By matching (88) and (87) at R = a,
ϕex(R = a) = ϕin(R = a), χex(R = a) = χin(R = a) , (89)
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FIG. 2: Pressure versus density for the Chandrasekhar equation of state.
the constants K1 and K2 can be obtained.
The surface of the rotating configuration is described by the the polar rp and equatorial re radii that are determined
from the relationships
r(a,Θ) = a+ ξ0(a) + ξ2(a)P2(cosΘ), (90)
rp = r(a, 0) = a+ ξ0(a) + ξ2(a), (91)
re = r(a, π/2) = a+ ξ0(a)− ξ2(a)/2 . (92)
In addition, the eccentricity is defined as
eccentricity =
√
1−
r2p
r2e
(93)
and determines completely the matching surface.
Once function ξ2(R) is known from Eq. (57), one can easily calculate ellipticity ǫ(R), function η2(R), hence the
gravitational Love number k2.
V. AN EXAMPLE: WHITE DWARFS
In this section, we study an example of the formalism presented in the preceding sections to test the applicability
of the method. To appreciate the validity of our results, we consider a very realistic case, namely, white dwarfs whose
equation of state at zero temperature is given by the Chandrasekhar relationships [25]
ε = ρc2 =
32
3
(
me
mn
)3
Kn
(
A¯
Z
)
x3,
p =
4
3
(
me
mn
)4
Kn
[
x(2x2 − 3)
√
1 + x2 + 3 ln(x+
√
1 + x2)
]
. (94)
This means that the energy density ε = ε(R) is determined by the nuclei, while the pressure p = p(R) is determined by
the degenerate electronic gas. Here A¯ and Z are the average atomic weight and atomic number of the corresponding
nuclei; Kn = (m
4
nc
5)/(32π2~3) and x = x(R) = pe(R)/(mec) with pe(R), me, mn, and ~ being the Fermi momentum,
the mass of the electron, the mass of the nucleon and the reduced Planck constant, respectively. Here we consider
the particular case A¯/Z = 2. The behavior of the above equation of state is illustrated in Fig. 2 for the case of
a degenerate electronic gas. Although the Chandrasekhar equation of state has been derived upon the basis of a
phenomenological, physical approach, we see that it can be modeled with certain accuracy by means of a polytropic
equation of state p ∝ ρα with α = const.
In Fig. 3, we plot the behavior of the total mass as a function of the central density for a static star and for a
rotating star with our test angular velocity. It is clear that for a given central density the value of the total mass is
larger in the case of a rotating object than for a static body. This is in accordance with the physical expectations
based upon other alternative studies [18–22]. A similar behavior takes place when we explore the mass as a function
of the equatorial radius, as shown in Fig. 4.
The relationship between the central density and the equatorial radius is illustrated in Fig. 5. As expected, the
equatorial radius diminishes as the density increases, and it is larger in the case of a rotating body. In the limit of
vanishing angular velocity, the equatorial radius approaches the value of the static radius a.
The moment of inertia depends also on the central density and on the value of the angular velocity, as illustrated
in Fig. 6. For each value of the angular velocity, there is particular value of the central density at which the moment
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FIG. 3: Total mass and central density relation obtained from the Chandrasekhar equation of state.
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FIG. 4: Total mass and equatorial radius relation for Chandrasekhar equation of state.
of inertia acquires a maximum. The value of the moment of inertia at the maxima increases as the angular velocity
increases. For very large values of the central density, the moment of inertia turns out to be practically independent
of the value of the angular velocity. Notice, however, that this happens for values close to or larger than 1011 g/cm3
which should be considered as unphysical because they are larger than the critical value ρc ∼ 1.37 × 10
11 g/cm3 at
which the equation of state under consideration can no longer be applied because of the inverse β decay process for
white dwarfs consisting of helium ions. Nevertheless, we are considering in all our plots the interval (105 − 1013)
g/cm3 for the sake of generality.
In Figs. 7 and 8 we plot the quantities which determine the shape of the surface where the interior solution
is matched with the exterior one, namely, the quadrupole moment and the eccentricity. Obviously, both quantities
vanish in the limiting case of vanishing rotation. The quadrupole possesses a maximum at a certain value of the
central density which coincides with the position of the maximum of the moment of inertia.
The ellipticity of the rotating deformed star is illustrated as a function of the central density in Fig. 9. On the
surface of the star the ellipticity shows similar behavior as the eccentricity and as density increases it decreases. Thus,
W=I G M
H0L
a3
M
12
W=0
105 107 109 1011 10130
5
10
15
20
25
Ρc @ gcm3D
r e
@1
03
km
D
FIG. 5: Equatorial radius versus central density. Note that Ω → 0 as re → a.
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the star becomes more compact and more spherical.
The dependence of function η2 is shown as a function of the spherical radius a in Fig. 10. As the radius increases
the function decreases.The function η2 is necessary to calculate the Love number. Finally, in Figs. 11 and 12 we depict
the gravitational Love number as a function of the central density and spherical radius, respectively. For increasing
central density the Love number decreases. This implies that with the increasing central density or decreasing radius
white dwarfs become less susceptible to rotational and tidal deformations, since k2 = 0 for a rigid body. It should be
mentioned that the values for the Love number in agreement with those presented in Ref. [26].
Notice that in all the plots, the selected values for the central mass and the equatorial radius are in accordance
with the expected values for white dwarfs. We conclude that the results obtained from the numerical integration
of the differential equations derived by using the approach proposed in this work are consistent with the physical
expectations, when restricted to the region in which the formalism can be applied [19–22, 27–29].
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FIG. 8: Eccentricity versus central density of rotating configurations.
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VI. THE MASS-SHEDDING LIMIT AND SCALING LAW
In this section we will discuss about some technical details related to the computation of the Keplerian mass-
shedding limit of any rotating configurations and the scaling law for physical quantities that can be rescaled without
additional numerical integrations for various objectives.
The mass-shedding limit. It is well known that the velocity of particles on the equator of the star cannot exceed
the Keplerian velocity of free particles, computed at the same location. At this limit, particles on the star’s surface
remain bound to the star only because of a balance between gravitational and centrifugal forces. The evolution of a
star rotating at the Keplerian rate is accompanied by a loss of mass, thus becoming unstable. The Keplerian angular
velocity in Newtonian physics is determined as follows
ΩKep =
√
GMtot
r3e
(95)
where G is the gravitational constant, Mtot is the total mass of the rotating configuration and re is the equatorial
radius. This is the critical angular velocity at which rotational shedding will occur, and it is thus an upper bound on
those angular velocities for which the assumption of slow rotation could be valid.
In order to estimate this quantity correctly, one needs to select a test value of the angular velocity, for example,
in our computations we used Ωtest =
√
GM (0)/a3. Usually Ωtest > ΩKep, hence one needs to decrease the values
of Ωtest gradually and estimate ΩKep successively, until Ωtest = ΩKep with a given precision. For that purpose, in
practice, it is convenient to use the shooting method.
If we express ΩKep = λΩtest, then the value of multiplicative factor λ can be estimated from the above procedure
and the results are shown in Table I.
TABLE I: The values of multiplicative factor λ for different values of the central density.
ρ [g/cm3] 105 106 107 108 109 1010 5×1010 1011 1.37×1011 1012 1013
λ 0.781 0.780 0.777 0.770 0.762 0.755 0.752 0.751 0.750 0.748 0.747
As one can see from the Table, indeed Ωtest > ΩKep and this results are in agreement with the ones in the literature
[19–22]. It should be stressed that the Keplerian angular velocity allows one to estimate the maximum rotation rate
(the minimum rotation period) and the maximum rotating mass of stars. Moreover it allows us to determine the
stability region of a rotating star, inside which all rotating configurations can exist (see [4] for details).
Scaling law. The scaling procedure is used in order to rescale all the known values of physical quantities for different
objectives. For instance, the angular momentum J is directly proportional to Ω, hence there is always the possibility
for the following scaling law Jnew/Ωnew = Jold/Ωold to be held. This means that knowing the old value of the angular
momentum Jold for the given angular velocity Ωold, one can easily evaluate a new value of the angular momentum
Jnew for a given new angular velocity Ωnew without reintegrating the structure equations. The same is true for all
the physical quantities which are directly proportional to the second order of the angular velocity Ω2. The following
quantities are subject to scaling: M
(2)
new/Ω2new = M
(2)
old/Ω
2
old, Qnew/Ω
2
new = Qold/Ω
2
old, I
(2)
new/Ω2new = I
(2)
old/Ω
2
old. From
a practical point of view it is very convenient to make use of the scaling law for various computational goals.
VII. CONCLUSIONS
In the present work, we have revisited the Hartle formalism to describe in Newtonian gravity the structure of
rotating compact objects under the condition of hydrostatic equilibrium. We use a particular set of polar coordinates
that is especially constructed to take into account the deformation of the source under rotation. Moreover, we use an
expansion in terms of spherical harmonics and consider all the equations only up to the second order in the angular
velocity. The main point is that these assumptions allow us to reduce the problem to a system of ordinary differential
equations, instead of partial differential equations. As a consequence, we derive all the equations explicitly and show
how to perform their numerical integration. Numerical solutions for particular equations of state and the analysis of
the stability of the resulting configurations will be discussed in a subsequent work.
In addition, the formalism developed here allows us to find explicit expressions for the main physical quantities that
determine the properties of the rotating configuration. In particular, we derived the equation which determines the
relation between mass and central density, and showed that it takes the form of an equation of hydrostatic equilibrium.
It enforces the balance of pressure, gravitational, and centrifugal forces correctly to order Ω2. In this approximation,
the surfaces of constant density are spheroids whose ellipticity varies from zero at the center of the star up to the
values which describe the shape of the star at the surface. The ellipticity, as a function of the radius, turns out to
be determined by the Clairaut’s differential equation. The equations which determine the relation between mass and
central density and those which determine the ellipticity are systems of ordinary differential equations whose solution
may be obtained by numerical integration. Furthermore, we also derived analytic expressions for the quadrupole
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moment and moment of inertia of the source. Finally, we obtained the Clairaut-Radau equation from the Clairaut
equation and calculated the gravitational Love number, which indicates rotational or tidal response to the exterior
field.
We have tested the formalism developed here by using the Chandrasekhar equation of state for white dwarfs. All
the derived physical quantities are in accordance with the results in the literature. This result reinforces the validity of
the assumptions and approximations applied in this work to formulate a method that takes into account the rotation
in the context of hydrostatic equilibrium in Newtonian gravity. Eventually, on top of everything the procedure of
computing the Keplerian mass-shedding angular velocity along with the scaling law of physical quantities have been
presented for rotating configurations. In view of a recent work [30] on the so-called I-Love-Q relations in neutron stars
and quark stars, it would be interesting to investigate these relations in white dwarf stars.
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Appendix
Coordinate transformation for the Newtonian gravitational potential
In this appendix, we show explicitly that the Newtonian field equations for Φ(0)(r) in (R,Θ) coordinates has the
form
∇2rΦ
(0)(r) ≈ ∇2RΦ
(0)(R) + ξ(R,Θ)
d
dR
∇2RΦ
(0)(R) (96)
The details of the computation are as follows:
∇2rΦ
(0)(r) =
[
d2
dr2
+
2
r
d
dr
]
Φ(0)(r) =
[
dR
dr
d
dR
dR
dr
d
dR
+
2
R+ ξ
dR
dr
d
dR
]
Φ(0)(R+ ξ)
≈
[(
1−
dξ
dR
)
d
dR
(
1−
dξ
dR
)
d
dR
+
2
R
(
1−
ξ
R
)(
1−
dξ
dR
)
d
dR
] [
Φ(0)(R) + ξ
dΦ(0)(R)
dR
]
≈
[(
1−
dξ
dR
){
−
d2ξ
dR2
d
dR
+
(
1−
dξ
dR
)
d2
dR2
}
+
2
R
(
1−
ξ
R
−
dξ
dR
)
d
dR
] [
Φ(0)(R) + ξ
dΦ(0)(R)
dR
]
≈
[
d2
dR2
+
2
R
d
dR
−
2dξ
dR
d2
dR2
−
2
R
(
ξ
R
+
dξ
dR
+
R
2
d2ξ
dR2
)
d
dR
] [
Φ(0)(R) + ξ
dΦ(0)(R)
dR
]
≈
[
d2
dR2
+
2
R
d
dR
−
2dξ
dR
d2
dR2
−
2
R
(
ξ
R
+
dξ
dR
+
R
2
d2ξ
dR2
)
d
dR
]
Φ(0)(R)
+
[
d2
dR2
+
2
R
d
dR
]
ξ
dΦ(0)(R)
dR
=
[
d2
dR2
+
2
R
d
dR
−
2dξ
dR
d2
dR2
−
2
R
(
ξ
R
+
dξ
dR
+
R
2
d2ξ
dR2
)
d
dR
]
Φ(0)(R)
+
dΦ(0)(R)
dR
[
d2
dR2
+
2
R
d
dR
]
ξ + ξ
[
d2
dR2
+
2
R
d
dR
]
dΦ(0)(R)
dR
+
2dξ
dR
d2Φ(0)(R)
dR2
=
[
d2
dR2
+
2
R
d
dR
−
2ξ
R2
d
dR
]
Φ(0)(R) + ξ
[
d2
dR2
+
2
R
d
dR
]
dΦ(0)(R)
dR
=
[
d2
dR2
+
2
R
d
dR
]
Φ(0)(R) + ξ
d
dR
[
d2
dR2
+
2
R
d
dR
]
Φ(0)(R) = ∇2RΦ
(0)(R) + ξ
d
dR
∇2RΦ
(0)(R) .
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